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Abstract
In this paper, we investigate homomorphisms and derivations in proper JC Q∗-triples with the
following functional equation:
1
k
f (kx + ky + kz) = f (x)+ f (y)+ f (z)
for a fixed positive integer k. We moreover prove the generalized Hyers–Ulam stability of
homomorphisms in proper JC Q∗-triples and of derivations on proper JC Q∗-triples via a fixed point
method.
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1. Introduction and preliminaries
As is extensively discussed in [17], the full description of a physical system S implies
the knowledge of three basic ingredients: the set of the observables, the set of the states
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and the dynamics that describes the time evolution of the system by means of the time
dependence of the expectation value of a given observable on a given state. Originally
the set of the observables was considered to be a C∗-algebra [10]. In many applications,
however, this was shown not to be the most convenient choice and the C∗-algebra was
replaced by a von Neumann algebra, because the role of the representation turns out
to be crucial mainly when long range interactions are involved (see [2] and references
therein). Here we use a different algebraic structure, similar to the one considered in [8],
which is suggested by the considerations above: because of the relevance of the unbounded
operators in the description of S, we will assume that the observables of the system belong
to a quasi-∗-algebra (A, A0) (see [18] and references therein), while, in order to have a
richer mathematical structure, we will use a slightly different algebraic structure: (A, A0)
will be assumed to be a proper C Q∗-algebra, which has nicer topological properties. In
particular, for instance, A0 is a C∗-algebra.
Let A be a linear space and A0 be a ∗-algebra contained in A as a subspace. We say that
A is a quasi-∗-algebra over A0 if
(i) the right and left multiplications of an element of A and an element of A0 are defined
and linear;
(ii) x1(x2a) = (x1x2)a, (ax1)x2 = a(x1x2) and x1(ax2) = (x1a)x2 for all x1, x2 ∈ A0
and all a ∈ A;
(iii) an involution ∗, which extends the involution of A0, is defined in A with the property
(ab)∗ = b∗a∗ whenever the multiplication is defined.
A quasi-∗-algebra (A, A0) is said to be a locally convex quasi-∗-algebra if in A a locally
convex topology τ is defined such that
(i) the involution is continuous and the multiplications are separately continuous;
(ii) A0 is dense in A[τ ].
Throughout this paper, we suppose that a locally convex quasi-∗-algebra (A[τ ], A0) is
complete. For an overview on partial ∗-algebra and related topics we refer the reader to [1].
In a series of papers [3,4], many authors have considered a special class of quasi-∗-
algebras, called proper C Q∗-algebras, which arise as completions of C∗-algebras. They
can be introduced in the following way:
Let A be a right Banach module over the C∗-algebra A0 with involution ∗ and C∗-norm
∥ · ∥0 such that A0 ⊂ A. We say that (A, A0) is a proper C Q∗-algebra if
(i) A0 is dense in A with respect to its norm ∥ · ∥;
(ii) (ab)∗ = b∗a∗ whenever the multiplication is defined;
(iii) ∥y∥0 = supa∈A,∥a∥≤1 ∥ay∥ for all y ∈ A0.
Ulam [19] gave a talk before the Mathematics Club of the University of Wisconsin
in which he discussed a number of unsolved problems. Among these was the following
question concerning the stability of homomorphisms.
We are given a group G and a metric group G ′ with metric ρ(·, ·). Given ϵ > 0, does
there exist a δ > 0 such that if f : G → G ′ satisfies ρ( f (xy), f (x) f (y)) < δ for all
x, y ∈ G, then a homomorphism h : G → G ′ exists with ρ( f (x), h(x)) < ϵ for all x ∈ G?
By now an affirmative answer has been given in several cases, and some interesting
variations of the problem have also been investigated.
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Hyers [11] considered the case of approximately additive mappings f : E → E ′, where
E and E ′ are Banach spaces and f satisfies Hyers’ inequality
∥ f (x + y)− f (x)− f (y)∥ ≤ ϵ
for all x, y ∈ E . It was shown that the limit
L(x) = lim
n→∞
f (2n x)
2n
exists for all x ∈ E and that L : E → E ′ is the unique additive mapping satisfying
∥ f (x)− L(x)∥ ≤ ϵ.
Rassias [15] provided a generalization of Hyers’ Theorem which allows the Cauchy
difference to be unbounded.
Theorem 1.1 (Rassias). Let f : E → E ′ be a mapping from a normed vector space E
into a Banach space E ′ subject to the inequality
∥ f (x + y)− f (x)− f (y)∥ ≤ ϵ(∥x∥p + ∥y∥p) (1.1)
for all x, y ∈ E, where ϵ and p are constants with ϵ > 0 and p < 1. Then the limit
L(x) = lim
n→∞
f (2n x)
2n
exists for all x ∈ E and L : E → E ′ is the unique additive mapping which satisfies
∥ f (x)− L(x)∥ ≤ 2ϵ
2− 2p ∥x∥
p
for all x ∈ E. Also, if for each x ∈ E the function f (t x) is continuous in t ∈ R, then L is
linear.
Rassias [16] during the 27th International Symposium on Functional Equations asked
the question of whether such a theorem can also be proved for p ≥ 1. Gajda [9] gave an
affirmative solution to this question for p > 1. The inequality (1.1) had a lot of influence in
the development of a generalization of the Hyers–Ulam stability concept. This new concept
is known as generalized Hyers–Ulam stability of functional equations (see [5,6,12]).
Definition 1.2. A proper C Q∗-algebra (A, A0), endowed with the Jordan triple product
{z, x, w} = 1
2
(zx∗w + wx∗z)
for all x ∈ A0 and all z, w ∈ A, is called a proper JC Q∗-triple, and denoted by (A, A0,
{·, ·, ·}).
Definition 1.3. Let (A, A0, {·, ·, ·}) and (B, B0, {·, ·, ·}) be proper JC Q∗-triples.
(i) A C-linear mapping H : A → B is called a proper JC Q∗-triple homomorphism if
H(x) ∈ B0 and
H({z, x, w}) = {H(z), H(x), H(w)}
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for all z, w ∈ A and all x ∈ A0. If, in addition, the mapping H : A → B and the
mapping H |A0 : A0 → B0 are bijective, then the mapping H : A → B is called a
proper JC Q∗-triple isomorphism.
(ii) A C-linear mapping δ : A0 → A is called a proper JC Q∗-triple derivation if
δ({w0, w1, w2}) = {δ(w0), w1, w2} + {w0, δ(w1), w2} + {w0, w1, δ(w2)}
for all w0, w1, w2 ∈ A0.
We recall a fundamental result in fixed point theory. Let X be a set. A function
d : X × X → [0,∞] is called a generalized metric on X if d satisfies
(1) d(x, y) = 0 if and only if x = y;
(2) d(x, y) = d(y, x) for all x, y ∈ X ;
(3) d(x, z) ≤ d(x, y)+ d(y, z) for all x, y, z ∈ X .
Theorem 1.4 ([7]). Let (X, d) be a complete generalized metric space and let J : X → X
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given el-
ement x ∈ X, either d(J n x, J n+1x) = ∞ for all nonnegative integers n or there exists a
positive integer n0 such that
(1) d(J n x, J n+1x) <∞, ∀n ≥ n0;
(2) the sequence {J n x} converges to a fixed point y∗ of J ;
(3) y∗ is the unique fixed point of J in the set Y = {y ∈ X | d(J n0 x, y) <∞};
(4) d(y, y∗) ≤ 11−L d(y, J y) for all y ∈ Y .
Throughout this paper, assume that k is a fixed positive integer.
2. Homomorphisms and derivations in proper JC Q∗-triples
Throughout this section, assume that (A, A0, {·, ·, ·}) is a proper JC Q∗-triple with
C∗-norm ∥ · ∥A0 and norm ∥ · ∥A, and that (B, B0, {·, ·, ·}) is a proper JC Q∗-triple with
C∗-norm ∥ · ∥B0 and norm ∥ · ∥B .
Proposition 2.1 ([14]). Let X and Y be normed spaces with norms ∥ · ∥X and ∥ · ∥Y ,
respectively. Let f : X → Y be a mapping such that
∥ f (x)+ f (y)+ f (z)∥Y ≤
1k f (kx + ky + kz)

Y
(2.1)
for all x, y, z ∈ X. Then f is Cauchy additive.
Theorem 2.2 ([14]). Let r ≠ 1 and θ be nonnegative real numbers, and f : A → B a
mapping satisfying f (w) ∈ B0 for all w ∈ A0 such that
∥µ f (x)+ f (y)+ f (z)∥B ≤
1k f (kµx + ky + kz)

B
, (2.2)
∥ f ({w0, x, w1})− { f (w0), f (x), f (w1)}∥B ≤ θ(∥w0∥3rA + ∥x∥3rA + ∥w1∥3rA ) (2.3)
for all µ ∈ T1 := {λ ∈ C : |λ| = 1}, all w0, w1 ∈ A0 and all x, y, z ∈ A. Then the
mapping f : A → B is a proper JC Q∗-triple homomorphism.
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Theorem 2.3 ([14]). Let r ≠ 1 and θ be nonnegative real numbers, and f : A → B a
mapping satisfying (2.2) and f (w) ∈ B0 for all w ∈ A0 such that
∥ f ({w0, x, w1})− { f (w0), f (x), f (w1)}∥B ≤ θ · ∥w0∥rA · ∥x∥rA · ∥w1∥rA (2.4)
for all w0, w1 ∈ A0 and all x ∈ A. Then the mapping f : A → B is a proper JC Q∗-triple
homomorphism.
Theorem 2.4 ([14]). Let r ≠ 1 and θ be nonnegative real numbers, and f : A0 → A a
mapping such that
∥µ f (x)+ f (y)+ f (z)∥A ≤
1k f (kµx + ky + kz)

A
, (2.5)
∥ f ({w0, w1, w2})− { f (w0), w1, w2} − {w0, f (w1), w2}
− {w0, w1, f (w2)}∥A ≤ θ(∥w0∥3rA + ∥w1∥3rA + ∥w2∥3rA ) (2.6)
for all µ ∈ T1 and all w0, w1, w2, x, y, z ∈ A0. Then the mapping f : A0 → A is a
proper JC Q∗-triple derivation.
Theorem 2.5 ([14]). Let r ≠ 1 and θ be nonnegative real numbers, and f : A0 → A a
mapping satisfying (2.1) such that
∥ f ({w0, w1, w2})− { f (w0), w1, w2} − {w0, f (w1), w2}
− {w0, w1, f (w2)}∥A ≤ θ · ∥w0∥rA · ∥w1∥rA · ∥w2∥rA (2.7)
for all w0, w1, w2 ∈ A0. Then the mapping f : A0 → A is a proper JC Q∗-triple
derivation.
3. Stability of homomorphisms in proper JC Q∗-triples via a fixed
point method
We prove the generalized Hyers–Ulam stability of homomorphisms in proper JC Q∗-
triples.
Theorem 3.1. Let f : A → B be a mapping such that f (w) ∈ B0 for all w ∈ A0, f (0) =
0 and1k f (µkx + µky + µkz)− µ f (x)− µ f (y)− µ f (z)

B
≤ ϕ(x, y, z) (3.1)
∥ f ({x, w, y})− { f (x), f (w), f (y)}∥B ≤ φ(x, w, y) (3.2)
for all µ ∈ T1, all w ∈ A0 and all x, y, z ∈ A. Define
x → ψ(x) = ϕ(x, 0, 0).
Suppose that there exists L < 1 such that
ψ(x) ≤ L
k
ψ(kx)
92 R. Saadati, G. Sadeghi / Expo. Math. 31 (2013) 87–97
and
lim
n→∞ k
3nϕ
 x
kn
,
y
kn
,
z
kn

= lim
n→∞ k
3nφ
 x
kn
,
y
kn
,
z
kn

= 0. (3.3)
Then there exists a unique proper JC Q∗-triple homomorphism H : A → B such that
∥ f (x)− H(x)∥B ≤ L1− Lψ(x) (3.4)
for all x ∈ A.
Proof. Consider the set
X := {g; g : A → B, g(0) = 0}
and introduce the generalized metric on X as follows:
d(g, h) = inf{c > 0; ∥g(x)− h(x)∥ ≤ cψ(x), for all x ∈ A}.
It is easy to see that (X, d) is complete. Now, consider the mapping
J : X → X,
Jg(x) := kg
 x
k

.
Then,
d(g, h) < c ⇒ ∥g(x)− h(x)∥ ≤ cψ(x), for all x ∈ A
⇒
kg  x
k

− kh
 x
k
 ≤ kcψ  x
k

, for all x ∈ A
⇒
kg  x
k

− kh
 x
k
 ≤ Lcψ(x), for all x ∈ A
⇒ d(Jg, Jh) ≤ Lc,
for any g, h ∈ X . Hence
d(Jg, Jh) ≤ Ld(g, h), (g, h ∈ X),
that is J is a strictly contractive self-mapping on X , with the Lipschitz constant L . Let
µ = 1 and y = z = 0 in (3.1). Then1k f (kx)− f (x)

B
≤ ψ(x) (3.5)
for all x ∈ A. So f (x)− k f  x
k

B
≤ kψ
 x
k

≤ Lψ(x) (x ∈ A).
That is d(J f, f ) ≤ L < ∞. We can apply the fixed point alternative, and we obtain the
existence of a mapping H : A → B such that H is a fixed point of J , that is
H
 x
k

= 1
k
H(x) (x ∈ A). (3.6)
The mapping H is the unique fixed point of J in the set
Y = {g ∈ X, d( f, g) <∞}
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and d(J n f, H)→ 0 as n →∞, which implies the equality
lim
n→∞ k
n f
 x
kn

= H(x) (x ∈ A). (3.7)
Moreover d( f, H) ≤ 11−L d( f, J f ), which implies the inequality
d( f, H) ≤ L
1− L .
It follows from (3.1) and (3.7) that1k H(µkx + µky + µkz)− µH(x)− µH(y)− µH(z)

B
= lim
n→∞ k
n
1k f

µkx + µky + µkz
kn

− µ f
 x
kn

− µ f
 y
kn

− µ f
 z
kn

B
≤ lim
n→∞ k
nϕ
 x
kn
,
y
kn
,
z
kn

= 0
for all µ ∈ T1 and all x, y, z ∈ A. So
1
k
H(µkx + µky + µkz) = µH(x)+ µH(y)+ µH(z)
for all µ ∈ T1 and all x, y, z ∈ A. By the same reasoning as in the proof of Theorem 2.1
of [13], the mapping H : A → B is C-linear.
It follows from (3.7) that H(w) = limn→∞ kn f ( wkn ) ∈ B0 for all w ∈ A0. So it follows
from (3.2) and (3.3) that
∥H({x, w, y})− {H(x), H(w), H(y)}∥B
= lim
n→∞ k
3n
 f  {x, w, y}kn

−

f
 x
kn

, f
 w
kn

, f
 y
kn

B
≤ lim
n→∞ k
3nφ
 x
kn
,
y
kn
,
z
kn

= 0
for all w ∈ A0 and all x, y ∈ A. Then
H({x, w, y}) = {H(x), H(w), H(y)}
for all w ∈ A0 and all x, y ∈ A.
Thus the mapping H : A → B is a unique proper JC Q∗-triple homomorphism satisfy-
ing (3.4), as desired. 
Corollary 3.2. Let r > 1 and θ, η be nonnegative real numbers, and let f : A → B be a
mapping such that f (w) ∈ B0 for all w ∈ A0 and1k f (µkx + µky + µkz)− µ f (x)− µ f (y)− µ f (z)

B
≤ θ(∥x∥r + ∥y∥r + ∥z∥r ), (3.8)
∥ f ({z, w, x})− { f (w0), f (x), f (w1)}∥B ≤ η(∥z∥3r + ∥w∥3r + ∥x∥3r ) (3.9)
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for all µ ∈ T1, all w ∈ A0 and all x, y, z ∈ A. Then there exists a unique proper JC Q∗-
triple homomorphism H : A → B such that
∥ f (x)− H(x)∥B ≤ θ
kr−1 − 1∥x∥
r
A (3.10)
for all x ∈ A.
4. Isomorphisms between proper JC Q∗-triples
We investigate isomorphisms between proper JC Q∗-triples.
Theorem 4.1. Let r > 1 and θ be nonnegative real numbers, and let f : A → B be a
bijective mapping with f (0) = 0, satisfying (3.1) and (3.2) such that
f ({w0, x, w1}) = { f (w0), f (x), f (w1)} (4.1)
for all w0, w1 ∈ A and all x ∈ A0. If limn→∞kn f ( ekn ) = e′ and f |A0 : A0 → B0
is bijective, where e and e′ are the identities of A, B respectively, then the mapping
f : A → B is a proper JC Q∗-triple isomorphism.
Proof. By the same reasoning as in the proof of Theorem 3.1, there is a unique C-linear
mapping H : A → B satisfying (3.4). The mapping H : A → B is given by
H(x) := lim
n→∞ k
n f
 x
kn

(4.2)
for all x ∈ A.
Since f ({w0, x, w1}) = { f (w0), f (x), f (w1)} for all w0, w1 ∈ A and all x ∈ A0,
H({w0, x, w1}) = lim
n→∞(3k
3)n

f

w0
(3k)n

, f
 x
kn

, f
w1
kn

= lim
n→∞

kn f
w0
kn

, kn f
 x
kn

, kn f
w1
kn

= {H(w0), H(x), H(w1)}
for all w0, w1 ∈ A and all x ∈ A0.
It follows from (4.2) that H(w) = limn→∞ kn f ( wkn ) ∈ B0 for all w ∈ A0. So the
mapping H : A → B is a proper JC Q∗-triple homomorphism. By the assumption,
H(x) = H(ex) = lim
n→∞ k
n f
ex
kn

= lim
n→∞ k
n f
 e
kn
x

= lim
n→∞ k
n f
 e
kn

f (x) = e′ f (x)
= f (x)
for all x ∈ A. Hence the bijective mapping f : A → B is a proper JC Q∗-triple
isomorphism. 
Theorem 4.2. Let r < 1 and θ, η be nonnegative real numbers, and let f : A → B be a bi-
jective mapping with f (0) = 0 satisfying (3.1), (3.2) and (4.1). If limn→∞ 1kn f (kne) = e′
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and f |A0 : A0 → B0 is bijective, where e and e′ are the identities of A, B respectively,
then the mapping f : A → B is a proper JC Q∗-triple isomorphism.
Proof. By the same reasoning as in the proof of Theorem 3.1, there is a unique C-linear
mapping H : A → B satisfying (3.7). The mapping H : A → B is given by
H(x) := lim
n→∞
1
kn
f (kn x)
for all x ∈ A.
The rest of the proof is similar to the proof of Theorem 4.1. 
5. Stability of derivations on proper JC Q∗-triples
We prove the generalized Hyers–Ulam stability of derivations on proper JC Q∗-triples.
Theorem 5.1. Let f : A0 → A be a mapping such that f (w) ∈ A for all w ∈ A0, f (0) =
0 and1k f (µkx + µky + µkz)− µ f (x)− µ f (y)− µ f (z)

A
≤ ϕ(x, y, z) (5.1)
∥ f ({w0, w1, w2})− { f (w0), w1, w2}{w0, f (w1), w2} − {w0, w1, f (w2)}∥A
≤ φ(z, w, x) (5.2)
for all µ ∈ T1, all w ∈ A0 and all x, y, z ∈ A. Define
x → ψ(x) = ϕ(x, 0, 0).
Suppose that there exists L < 1 such that
ψ(x) ≤ L
k
ψ(kx)
and
lim
n→∞ k
3nϕ
 x
kn
,
y
kn
,
z
kn

= lim
n→∞ k
3nφ
 x
kn
,
y
kn
,
z
kn

= 0. (5.3)
Then there exists a unique proper JC Q∗-triple derivation δ : A0 → A such that
∥ f (x)− δ(x)∥A ≤ L1− Lψ(x) (5.4)
for all x ∈ A0.
Proof. By the same reasoning as in the proof of Theorem 3.1, there exists a uniqueC-linear
mapping δ : A0 → A satisfying (5.4). The mapping δ : A0 → A is defined by
δ(w) := lim
n→∞ k
n f
 w
kn

for all w ∈ A0.
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It follows from (5.2) that
∥δ({w0, w1, w2})− {δ(w0), w1, w2} − {w0, δ(w1), w2} − {w0, w1, δ(w2)}∥A
= lim
n→∞ k
3n
 f  {w0, w1, w2}kn

−

f
w0
kn

,
w1
(3k)n
,
w2
(3k)n

−
w0
kn
, f
w1
kn

,
w2
kn

−
w0
kn
,
w1
kn
, f
w2
kn
 
A
≤ lim
n→∞ k
3nφ
 x
kn
,
y
kn
,
z
kn

= 0
for all w0, w1, w2 ∈ A0. So
δ({w0, w1, w2}) = {δ(w0), w1, w2} + {w0, δ(w1), w2} + {w0, w1, δ(w2)}
for all w0, w1, w2 ∈ A0.
Thus the mapping δ : A0 → A is a unique proper JC Q∗-triple derivation satisfying
(5.4), as desired. 
Corollary 5.2. Let r > 1 and θ, η be nonnegative real numbers, and let f : A0 → A be a
mapping such that1k f (µkx + µky + µkz)− µ f (x)− µ f (y)− µ f (z)

A
≤ θ(∥x∥rA0 + ∥y∥rA0 + ∥z∥rA0),
∥ f ({w0, w1, w2})− { f (w0), w1, w2} − {w0, f (w1), w2} − {w0, w1, f (w2)}∥A
≤ η(∥w0∥3rA + ∥w1∥3rA + ∥w2∥3rA )
for all µ ∈ T1 and all w0, w1, w2, x, y, z ∈ A0. Then there exists a unique proper JC Q∗-
triple derivation δ : A0 → A such that
∥ f (w)− δ(w)∥A ≤ θ
kr−1 − 1∥w∥
r
A0
for all w ∈ A0.
Acknowledgment
The authors are grateful to the reviewer for valuable comments and suggestions.
References
[1] J.P. Antoine, A. Inoue, C. Trapani, Partial ∗-Algebras and Their Operator Realizations, Kluwer, Dordrecht,
2002.
[2] F. Bagarello, G. Morchio, Dynamics of mean-field spin models from basic results in abstract differential
equations, J. Stat. Phys. 66 (1992) 849–866.
[3] F. Bagarello, C. Trapani, C Q∗-algebras: structure properties, Publ. Res. Inst. Math. Sci. 32 (1996) 85–116.
[4] F. Bagarello, C. Trapani, Morphisms of certain Banach C∗-modules, Publ. Res. Inst. Math. Sci. 36 (2000)
681–705.
R. Saadati, G. Sadeghi / Expo. Math. 31 (2013) 87–97 97
[5] S. Czerwik, Functional Equations and Inequalities in Several Variables, World Scientific Publishing
Company, New Jersey, London, Singapore and Hong Kong, 2002.
[6] S. Czerwik, Stability of Functional Equations of Ulam–Hyers–Rassias Type, Hadronic Press, Palm Harbor,
FL, 2003.
[7] J. Diaz, B. Margolis, A fixed point theorem of the alternative for contractions on a generalized complete
metric space, Bull. Amer. Math. Soc. 74 (1968) 305–309.
[8] G.O.S. Ekhaguere, Partial W∗-dynamical systems, in: Current Topics in Operator Algebras, Proceedings of
the Satellite Conference of ICM-90, World Scientific, Singapore, 1991, pp. 202–217.
[9] Z. Gajda, On stability of additive mappings, Int. J. Math. Math. Sci. 14 (1991) 431–434.
[10] R. Haag, D. Kastler, An algebraic approach to quantum field theory, J. Math. Phys. 5 (1964) 848–861.
[11] D.H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. USA 27 (1941)
222–224.
[12] D.H. Hyers, G. Isac, Th.M. Rassias, Stability of Functional Equations in Several Variables, Birkha¨user,
Basel, 1998.
[13] C. Park, Homomorphisms between Poisson JC∗-algebras, Bull. Braz. Math. Soc. 36 (2005) 79–97.
[14] C. Park, Th.M. Rassias, Homomorphisms and derivations in proper JC Q∗-triples, J. Math. Anal. Appl. 337
(2) (2008) 1404–1414.
[15] Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc. 72 (1978)
297–300.
[16] Th.M. Rassias, Problem 16; 2, report of the 27th international symp. on functional equations, Aequationes
Math. 39 (1990) 292–293. 309.
[17] G.L. Sewell, Quantum Mechanics and its Emergent Macrophysics, Princeton University Press, Princeton,
NJ, and Oxford, 2002.
[18] C. Trapani, Quasi-∗-algebras of operators and their applications, Rev. Math. Phys. 7 (1995) 1303–1332.
[19] S.M. Ulam, Problems in Modern Mathematics, Wiley, New York, 1960.
